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Let

1—x 1 — x;
P = .
k(X17 )Xk7.y) y+<1+xl> <1+Xk>

Theorem (Lalin, 2006)

n a
m(Py,) = Wf;g ¢(2h+1),
h=1
and .
. bn,h
m(Pz,H_]_) = WL(X_Z;, 2h + 2)
h=0

aj x and b; x are rational and can be described explicitly using coefficients
of elementary symmetric polynomials.
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m(Pk) = ﬁ f:rw ’ fjwm Q(leiel)m(leiek)()’) dfy - - - doy

1+e/01 14k

é “clever” transformations

2k oo roo vidvi | _yedys 0 dyk
= Jo Jo m(Q”)(nyrl) ) ety
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We have

/ / n(Q,,) J/1d)/1 C yedyr dyx
) vi+1) (B+yd) (R +yiy)

which can be written as a linear combination of integrals of the form

> dt
| J
/0 m(Qe) log oy

and using

1
1
/ Iogktt adt:(—1)k+1(k!)Lik+1(1/a),
; _

— gives zeta values and L-values
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Extending these results

Lalin also looked at
1-x1\ . [ 1=xp
14+x1 14+x,

é compare with

Qy(x,y,2) = (1 +x)z+ (1 +y)

r

(1+y).

Spr=(1+x)z+

Theorem (Lalin, N., Roy; e-close to submission!)

Forn>1,
n al
m(52n,r) = Z '127;77 Cr(h)v
h=1
and for n > 0,
' by
m(52n+1,r) = WT’—i-l Dr(h)
h=0
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cxm::dzm!<1—2ghl)<@h+1)

N r2(2i77r2— 1)! y
{ (D;;t;f;hﬂ% €(3) (22h71 + (_1)r22h71 + (_1)r+1)

1— 2—2h—3
w(l = (=1)")¢(2h +3)

2r—1 2h+2
- > (- [ > (“‘”f‘”(—l)t (Lie(es,) - Lie(-¢5,))
=0

t=2

t—1 . o) 23—t ¢
(5, e )<(t)) < B () ] }

+ (2h+2)(2h + 1)




m<1+x+ [(1;2):2(1+y)2> = %4(3)
m<1+x+ [(i;ﬁ) <1+Z):2(1+y)z> = %L(XAA)*%C@)

m<1 +x+ Kl‘xl> (1_X3):2(1+y)z> - 2%((5)— %L(x_4,4)+2%<(3)

1+ x

1—x1 24
1 1 = —L(x-4,4
m( +x+ 1+X1)( +}’)Z) 3 (x-4,4)

21 ¢
272

3)

10 64+/2
-+ 2
T

72 L(X8(57 ')7 3)

1) )
3
. <1+X+ (1 —2) a +y)z> =it 11{3L(xl2(11,-),3)
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Why does this work — Mobius transformations?

The transformation
_ 1-=z

142z

¢(2)

sends the unit circle to the imaginary axis. For z = e'?,

1—z oit 0
= —2jtan | = | .
1+z ! 2

@ Transformations that send unit circle to other lines?

Some natural questions:

@ Those that preserve the unit circle?
o These are
z—a

o(z) = e

where a € A. Blaschke products?

1—-3z’
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A change of variables

Let P(x,y1,.--,¥n) € Clx,¥1,. .., ¥n]
Choose g(x) € Z[x] with all roots outside the unit disk.

Put f(x) = A x¥g(x™1), where k > deg (g) and |A| = 1.
Let P the rational function obtained by replacing x by f(x)/g(x) in P.

Theorem (Lalin & N., 2023)

Take
f(x)  x(2x+1)

g(x) x+2
1—X1 1—X2 1—Xk
P =
k(le ,Xk,Z) z+ <1+X1> <1—|—X2> <1+Xk>7

- x?—1 1-—x 1 — Xk
ko, x02) = 2+ <x12+X1+1> <1+X2> <1+Xk>
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Applications

Condon:  m(x+1+(x—1)(y+2)) = %g(s).

2X2+X+1+(X271)(y+z)
X2

— X(2X2—X+1)
T —(X2—X+2) L X3 XX =14 (X341 (y+2
x+1+(x—1)(y+2) s 2 _(XQ_)(H_Z) )y+z)
= doys
~Crrg
3 5y
*2) XA XA X1 (XA X2+1)(y+2)

—(G—XT—X+2)

Siva Nair (UdeM) Mahler measure of some polynomials 10/18



Other results

Let

_ az; +« az + «
Qk(zla-"azkuy)_y+<zl+1) (Zk'f‘l),

2mi/3 _ —14v/=3

where a = e

Theorem (N., 2023++)

|

anh
m(an)zz 2,7<2h+1)+Z it LOc-3,2h +2),

h=1

and

Cnh
h= 1

where the coefficients aj k., b i, ¢/ k, di k € R are defined recursively.

Siva Nair (UdeM) Mahler measure of some polynomials 11/18



We have the first few examples in this family:

m(Py) = iL(x .2)
m(P2) = 75r3C(8) + = Lx-2.2)
m(P) = 3ers0(3) 4 o Ls.2) + s (x4
(P = 3er30(3) + s C(5) 4 e L5, + ()
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Q= () - () +.

é compare with

P(y)=~+y

m(Qn) = (23;_),-, firﬂ_ .. fjﬂ' m P(He"01+a)m(6e"9"+a) (y) d91 c e den

0141 elOn 11

% “clever” transformations
f f m(P,,) yidyn. | y2dys dyn .
Yl (y24y+1) (v tyE)  (V2Ayaye-1ty2 )
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[ yidyt 2(y2+1)(log y2) 2
1 (Yi+yi+1) (i +yeni+y?) y3—1 3V3(y3+y2+1)
f (== Yyadys 42 27 (y3+1) log ys +
Y2 (Yi+ysy2+y3) 9(y5 +ys+1) V3(y3—1)
f (oo Jysdys
3 (vi+yays+y3)
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At the jth stage, we have a linear combination of

y; log"y,;
7 + v+ D02 + vy +57)

and .
yj(yj +1)log" y;
07 = DR + vy +57)
for k < j. Need to find

/OO tlogh t dar
o (t2+at+a?)(t2+ bt + b2)

and

/°° t(t + a)logh t
o (3 —2a%)(t?+ bt + b?)

Contour integration!
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yidyr y2dy» dyn
m(Py,) (2 N T2 2
Vi+ni+1) (Z+yan+yd) 2+ Yayn-1+y24)

Ln/2] [n/2] 2h+1

= g d by [ gt
- Za” og”" b Z L e I

0
Again, we use
1 1
/ logh t ——dt = (—=1)*TL(k!) Li,y1(1/a).
0 t—a
Relate combinations of polylogs to L-values
Ligy(w) — Ligs(w?) = V/3i L(x_3,2n)

Ligpy1(w) + Ligns1(w?) = — (1 - ;) ¢(2n+1)
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Finally!

We have

n anh n—1 b A
m(Qzn) = W"th Ch+1)+> W2Z’+1 L(x—3,2h+2),
h=1 h=0
and
4 Cn,h - dn,h
w(Qni1) =Y ¢RI+ + ) Lx-3,2h+2).

h=1 h=0
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Further questions

Regarding the families of polynomials:
@ Can we do this for other roots of unity? A general method?
@ Do the coefficients have an elegant closed formula?
Regarding the é transformations:
@ Trying to understand what the transformations mean geometrically.

@ Other such transformations that do not change the Mahler measure?
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