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We begin with Jensen’s formula

∫ 1

0
log |f (e2πiθ)| dθ = log |f (0)| −

∑
f (α)=0
|α|<1

log |α|

= logA +
∑

f (α)=0
|α|>1

log |α|.

We may define for a polynomial P(x) ∈ C[x ],

m(P) :=

∫ 1

0
log |P(e2πiθ)|dθ,

to be the (logarithmic) Mahler Measure of P.
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Some Properties

The Mahler measure of P(x) is related to heights. For an algebraic
integer α, the Mahler measure of its minimal polynomial fα is related
to the logarithmic Weil height h as

m(fα) = [Q(α) : Q]h(α).

Kronecker’s Lemma

For P ∈ Z[x ], m(P) = 0 if and only if P is a product of a monomial
and cyclotomic polynomials.

Lehmer’s Problem (1933, still open): Given any ε > 0, find a monic
P(x) ∈ Z[x ] such that 0 < m(P) < ε.
So far the polynomial with the smallest Mahler measure is

m(x10 + x9 − x7 − x6 − x5 − x4 − x3 + x + 1) ≈ 0.162357612 . . .
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Siva Sankar Nair (MÖBIUS ANT) The Mahler Measure of Some Three-Variable Polynomials July 8th, 2021 3 / 30



Some Properties

The Mahler measure of P(x) is related to heights. For an algebraic
integer α, the Mahler measure of its minimal polynomial fα is related
to the logarithmic Weil height h as

m(fα) = [Q(α) : Q]h(α).

Kronecker’s Lemma

For P ∈ Z[x ], m(P) = 0 if and only if P is a product of a monomial
and cyclotomic polynomials.

Lehmer’s Problem (1933, still open): Given any ε > 0, find a monic
P(x) ∈ Z[x ] such that 0 < m(P) < ε.
So far the polynomial with the smallest Mahler measure is

m(x10 + x9 − x7 − x6 − x5 − x4 − x3 + x + 1) ≈ 0.162357612 . . .
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The Mahler Measure for More Than One Variable

More generally, for P(x1, x2, . . . , xn) ∈ C(x1, . . . , xn)∗, we define

m(P) : =

∫
[0,1]n

log
∣∣∣P(e2πiθ1 , . . . , e2πiθn)

∣∣∣ dθ1 · · · dθn
=

1

(2πi)n

∫
Tn

log |P(x1, . . . , xn)| dx1
x1
· · · dx1

xn
.
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More variables, more problems

In general, calculating the Mahler measure of multi-variable polynomials is
much more difficult than the univariate case.

We have the Boyd-Lawton formula for any rational function
P ∈ C(x1, . . . , xn)×,

lim
k2→∞

· · · lim
kn→∞

m(P(x , xk2 , . . . , xkn)) = m(P(x1, x2, . . . , xn)),

where the ki ’s vary independently.
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Examples

Turns out that for certain polynomials, the Mahler measure is not just any
random real number, but in fact a special value of an L-function.
Chris Smyth, 1981:

m(1 + x + y) =
3
√

3

4π
L(χ−3, 2) = L′(χ−3,−1)

m(1 + x + y + z) =
7

2π2
ζ(3) = −14ζ ′(−2)

Siva Sankar Nair (MÖBIUS ANT) The Mahler Measure of Some Three-Variable Polynomials July 8th, 2021 6 / 30



Examples

Turns out that for certain polynomials, the Mahler measure is not just any
random real number, but in fact a special value of an L-function.

Chris Smyth, 1981:

m(1 + x + y) =
3
√

3

4π
L(χ−3, 2) = L′(χ−3,−1)

m(1 + x + y + z) =
7

2π2
ζ(3) = −14ζ ′(−2)
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Examples

John Condon, 2004:

m(x + 1 + (x − 1)(y + z)) =
28

5π2
ζ(3) = −112

5
ζ ′(−2)

Matilde Laĺın, 2006:

m

(
1 + x +

(
1− v

1 + v

)(
1− w

1 + w

)
(1 + y)z

)
=

93

π4
ζ(5) = 124ζ ′(−4)
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Polylogarithms

It is often the case that computing the Mahler measure boils down to
evaluating certain Polylogs.

Definition (k th Polylogarithm)

For a positive integer k and |z | < 1, we define

Lik(z) =
∞∑
n=1

zn

nk
.

Note that Li1(z) = − log(1− z).

These functions can be analytically continued beyond the unit disc,
however, a branch cut is required.
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There are many modifications that extend polylogs to the whole complex
plane such as the one given by Zagier

Pk(z) := Rek

 k∑
j=0

2jBj

j!
(log |z |)jLik−j(z)

 ,

where Bj is the j th Bernoulli number, Li0(z) := −1/2 and Rek(z)
denotes Re(z) or Im(z) when k is odd or even respectively.

For k = 2, we get the Bloch-Wigner dilogarithm

D(z) := P2(z) = Im(Li2(z)− log |z |Li1(z)).

These functions satisfy several functional equations, for example

Pk

(
1

z

)
= Pk(z) = (−1)k−1Pk(z),

along with functional equations that depend on the weight k .
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Two-Variable Case

One can show that if P ∈ C[x , y ] is of the form

P(x , y) = P∗(x)yd + · · ·+ a0(x),

then

m(P) = m(P∗)− 1

2π

∫
γ
η(x , y),

where γ is the union of paths in

C = {(x , y) : P(x , y) = 0, |x | = 1, |y | ≥ 1},

and η(x , y) is a real closed differential 1-form on
C \ {poles and zeros of x and y} given by

η(x , y) = log |x |d argy − log |y |d argx .
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The reason this could be helpful is because

η(x , 1− x) = dD(x),

so that in some cases, η is exact and we can use Stokes’ Theorem to
calculate the integral.
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Numerical Computation

We have the following theorem due to Cassaigne and Maillot (2000)

Theorem

Let a + by + cz ∈ C[y , z ] with a, b, c non-zero. Then

πm(a+by+cz) =

{
D
(∣∣ a

b

∣∣ e iγ)+ α log |a|+ β log |b|+ γ log |c | if ∆,
π log max{|a|, |b|, |c |} if not ∆.

Here ∆ denotes the condition that |a|, |b| and |c| form a triangle with
angles α, β and γ.
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Numerical Computation

Boyd used this theorem to come up with numerical formulas. His idea was
to take a, b and c as cyclotomic polynomials in the variable x so that

m(a(x) + b(x)y + c(x)z) =
1

π

∫ π

0
m(a(e iθ) + b(e iθ)y + c(e iθ)z)dθ.

This is helpful beause of identities such as∫ b

a
log |e imθ − 1|dθ =

1

m
(D(e imb)− D(e ima)).

In the triangular case, the integral is difficult to compute and is typically
done numerically
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Siva Sankar Nair (MÖBIUS ANT) The Mahler Measure of Some Three-Variable Polynomials July 8th, 2021 13 / 30



Calculations by Brunault and Zudilin

Brunault and Zudilin carried out extensive numerical calculations
investigating the Mahler measure of polynomials of the form
A(x) + B(x)(y + z). These led to several conjectural identities that
mysteriously evaluated to the same Mahler measure

m(x2 + x + 1 + (x2 − 1)(y + z))
m(x3 − x2 + x − 1 + (x3 + 1)(y + z))
m(x4 − x3 + x − 1 + (x4 − x2 + 1)(y + z))
m(x4 − x3 + x − 1 + (x4 − x3 + x2 − x + 1)(y + z))
m(x4 − x3 + x2 − x + 1 + (x4 − 1)(y + z))
m(x4 − x3 + x − 1 + (x4 + 1)(y + z))
m(x5 − x4 + x − 1 + (x5 + 1)(y + z))


?
=

28

5π2
ζ(3).

Is there some connection between these polynomials?
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John Condon proved the following relation in his doctoral dissertation

m(x + 1 + (x − 1)(y + z)) =
28

5π2
ζ(3).

We notice that

2X 2+X+1+(X 2−1)(y+z)
X+2

x + 1 + (x − 1)(y + z) 2X 3−X 2+X−1+(X 3+1)(y+z)
−(X 2−X+2)

2X 4−X 3+X−1+(X 4−X 2+1)(y+z)
−(X 3−X 2−X+2)

x=
X (2X

+1)

X+2

x= X (2X 3−X 2−X+1)

−(X 3−X 2−X+2)

x=X (2X2−X+1)

−(X2−X+2)
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x + 1 + (x − 1)(y + z) 2X 2+X+1+(X 2−1)(y+z)
X+2

x=X (2X+1)
X+2

We write

x =
X (2X + 1)

X + 2
=

X 2(X−1 + 2)

X + 2
.

The transformation is a two-to-one cover of the unit circle. So for
every traversal of x along the unit circle, X traverses twice.

The differential dx/x is transformed to

dx

x
= 2

dX

X
− dX

X + 2
− dX

X 2(X−1 + 2)
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∮ ∮ ∮
log |x + 1 + (x − 1)(y + z)| dxx

dy
y

dz
z

1
2

∮ ∮ ∮
log
∣∣∣2(X 2+X+1+(X 2−1)(y+z))

X+2

∣∣∣ (2dX
X −

dX
X+2 −

dX
X 2(X−1+2)

)
dy
y

dz
z .

x=X (2X+1)
X+2
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Simplifying gives∮ ∮ ∮
log

∣∣∣∣2(X 2 + X + 1 + (X 2 − 1)(y + z))

X + 2

∣∣∣∣ (dX

X
− dX

X + 2

)
dy

y

dz

z
.

So, if we show that the second term evaluates to zero, then we obtain

28

5π2
ζ(3) =

∮ ∮ ∮
log

∣∣∣∣2(X 2 + X + 1 + (X 2 − 1)(y + z))

X + 2

∣∣∣∣ dXX dy

y

dz

z

= m

(
2(X 2 + X + 1 + (X 2 − 1)(y + z))

X + 2

)
= m(X 2 + X + 1 + (X 2 − 1)(y + z)).
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Need to show

∮ ∮ ∮
log

∣∣∣∣2(X 2 + X + 1 + (X 2 − 1)(y + z))

X + 2

∣∣∣∣ ( dX

X + 2

)
dy

y

dz

z
= 0

We do this by splitting the log term as

log | · · · | =
1

2

(
log(· · · ) + log (· · · )

)
,

and showing that the resulting two integrals are individually zero.
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Need to show

∮ ∮ ∮
log

∣∣∣∣2(X 2 + X + 1 + (X 2 − 1)(y + z))

X + 2

∣∣∣∣ ( dX

X + 2

)
dy

y

dz

z
= 0

For a ∈ C, we consider the integral∮
log

(
2 +

(
2(X 2 − 1)

X + 2

)
a

)
dX

X + 2
= 0.

(Note that putting a = 1 + y + z gives us our desired function.)
Now, for X inside the unit disc, we have∣∣∣∣2(X 2 − 1)

X + 2

∣∣∣∣ ≤ 4,

so that if |a| < 1/2, then

2 +

(
2(X 2 − 1)

X + 2

)
a 6= 0.
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∣∣∣∣ ≤ 4,

so that if |a| < 1/2, then

2 +

(
2(X 2 − 1)

X + 2

)
a 6= 0.
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Siva Sankar Nair (MÖBIUS ANT) The Mahler Measure of Some Three-Variable Polynomials July 8th, 2021 20 / 30



Need to show

∮ ∮ ∮
log

∣∣∣∣2(X 2 + X + 1 + (X 2 − 1)(y + z))

X + 2

∣∣∣∣ ( dX

X + 2

)
dy

y

dz

z
= 0

For a ∈ C, we consider the integral∮
log

(
2 +

(
2(X 2 − 1)

X + 2

)
a

)
dX

X + 2
= 0.

(Note that putting a = 1 + y + z gives us our desired function.)
Now, for X inside the unit disc, we have∣∣∣∣2(X 2 − 1)

X + 2

∣∣∣∣ ≤ 4,

so that if |a| < 1/2, then

2 +

(
2(X 2 − 1)

X + 2

)
a 6= 0.
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Siva Sankar Nair (MÖBIUS ANT) The Mahler Measure of Some Three-Variable Polynomials July 8th, 2021 20 / 30



Need to show

∮ ∮ ∮
log

∣∣∣∣2(X 2 + X + 1 + (X 2 − 1)(y + z))

X + 2

∣∣∣∣ ( dX

X + 2

)
dy

y

dz

z
= 0

For a ∈ C, we consider the integral∮
log

(
2 +

(
2(X 2 − 1)

X + 2

)
a

)
dX

X + 2
= 0.

(Note that putting a = 1 + y + z gives us our desired function.)
Now, for X inside the unit disc, we have∣∣∣∣2(X 2 − 1)

X + 2

∣∣∣∣ ≤ 4,

so that if |a| < 1/2, then

2 +

(
2(X 2 − 1)

X + 2

)
a 6= 0.

Siva Sankar Nair (MÖBIUS ANT) The Mahler Measure of Some Three-Variable Polynomials July 8th, 2021 20 / 30



Need to show

∮ ∮ ∮
log

∣∣∣∣2(X 2 + X + 1 + (X 2 − 1)(y + z))

X + 2

∣∣∣∣ ( dX

X + 2

)
dy

y

dz

z
= 0

Thus, 2 +
(
2(X 2−1)
X+2

)
is a nowhere vanishing holomorphic function in the

unit disc |X | ≤ 1, which means that any branch of its complex log is
holomorphic in the unit circle, and consequently,∮

log

(
2 +

(
2(X 2 − 1)

X + 2

)
a

)
dX

X + 2
= 0,

for all |a| < 1/2.
As a function in the complex variable a, we have a holomorphic function
that is identically zero on the open set |a| < 1/2, and we conclude that it
is identically zero for all a ∈ C
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Siva Sankar Nair (MÖBIUS ANT) The Mahler Measure of Some Three-Variable Polynomials July 8th, 2021 21 / 30



Need to show

∮ ∮ ∮
log

∣∣∣∣2(X 2 + X + 1 + (X 2 − 1)(y + z))

X + 2

∣∣∣∣ ( dX

X + 2

)
dy

y

dz

z
= 0

Thus, 2 +
(
2(X 2−1)
X+2

)
is a nowhere vanishing holomorphic function in the

unit disc |X | ≤ 1, which means that any branch of its complex log is
holomorphic in the unit circle, and consequently,∮

log

(
2 +

(
2(X 2 − 1)

X + 2

)
a

)
dX

X + 2
= 0,

for all |a| < 1/2.
As a function in the complex variable a, we have a holomorphic function
that is identically zero on the open set |a| < 1/2, and we conclude that it
is identically zero for all a ∈ C
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Similarly, we now aim to show that∮
log
(

1 +
(

1−X 2

X (1+2X )

)
a
)

dX
X+2 = 0

∮
log
(

1 +
(
t2−1
t+2

)
a
)

dt
t(2t+1)

X=1/t

Again, for |a| < 1/2, the log-term is holomorphic and 1
2t(t+1/2) has simple

poles at t = 0 and t = −1/2. Thus, by the residue theorem, we see that
the required integral equals

2πi

(
log

(
1 +

0− 1

0 + 2
a

)
1

2(0 + 1/2)
+ log

(
1 +

1/4− 1
− 1/2 + 2

a

)
1

2(−1/2)

)
= 0
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The same arguments work for the other transformations

2X 2+X+1+(X 2−1)(y+z)
X+2

x + 1 + (x − 1)(y + z) 2X 3−X 2+X−1+(X 3+1)(y+z)
−(X 2−X+2)

2X 4−X 3+X−1+(X 4−X 2+1)(y+z)
−(X 3−X 2−X+2)

x= X (2X 3−X 2−X+1)

−(X 3−X 2−X+2)

x=
X (2X

+1)

X+2

x=X (2X2−X+1)

−(X2−X+2)

So the natural question is what transformations work, and what kind of
polynomials do they result in?
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Generalizations

As before, we start with Condon’s polynomial
P(x , y , z) = x + 1 + (x − 1)(y + z) with Mahler measure 28

5π2 ζ(3).
For f , g ∈ C[X ], we consider the change of variables

x =
f (X )

g(X )
.

This will lead us to an expression for the Mahler measure of the
polynomial given by

f (X ) + g(X ) + (f (X )− g(X ))(y + z),

in terms of the Mahler measure of Condon’s polynomial P and the Mahler
measure of g(X ).
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In order for our methods to work, we need the following conditions on f
and g :

1 If α is a root of g(X ), then |α| > 1.

2 We require f (X ) to be of the
form

f (X ) = ±X kg(X−1),

where k is an integer that is
at least equal to the degree
of g(X ).

Notation

If p(X ) =
∑d

i=1 piX
i , then

define

p(X ) :=
d∑

i=1

piX
i .
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Reasons for These Conditions

∮ ∮ ∮
log |x + 1 + (x − 1)(y + z)| dxx

dy
y

dz
z

∮ ∮ ∮
log |f (X ) + g(X ) + (f (X )− g(X ))(y + z)| dXX

dy
y

dz
z

x= f (X )
g(X )

We need these conditions in order to make sure that the transformation
preserves the unit circle. In particular, the map

φ : S1 → S1

x 7→ f (X )

g(X )
,

is a k-to-one surjection from the unit circle onto itself.
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Theorem (Laĺın & N., 2021++)

Let g(X ) ∈ C[X ] with all roots outside the unit disc, and let
f (X ) = ±X kg(X−1), for any integer k ≥ degree g. Then

m(f + g + (f − g)(y + z)) =
28

5π2
ζ(3) + m(g).

Take g(X ) = X + 2 and f (X ) = X (2X + 1) so that

m
(
2(X 2 + X + 1 + (X 2 − 1)(y + z))

)
=

28

5π2
ζ(3) + m(X + 2)

=⇒ m
(
X 2 + X + 1 + (X 2 − 1)(y + z)

)
=

28

5π2
ζ(3).

g(X ) = X 3 − X 2 + X − 2, we obtain

m(X 4 − X 3 + X 2 − X + 1 + (X 4 − 1)(y + z)) =
28

5π2
ζ(3).
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Take g(X ) = X + 2 and f (X ) = X (2X + 1) so that

m
(
2(X 2 + X + 1 + (X 2 − 1)(y + z))

)
=

28

5π2
ζ(3) + m(X + 2)

=⇒ m
(
X 2 + X + 1 + (X 2 − 1)(y + z)

)
=

28

5π2
ζ(3).

g(X ) = X 3 − X 2 + X − 2, we obtain

m(X 4 − X 3 + X 2 − X + 1 + (X 4 − 1)(y + z)) =
28

5π2
ζ(3).
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Further Questions

We began with Condon’s polynomial as the base case. Can the same
method be used starting with other polynomials whose Mahler
measure is known?

Can these methods be used to calculate the Mahler measure of
non-isosceles polynomials of the form

A(x) + B(x)y + C (x)z .
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Identities involving Elliptic Curves

m(x + 1 + (x − 1)y + (x2 − 1)z)
?
= −3

2
L′(E20a1,−1)

m((x + 1)2 + (x2 − 1)y + (x − 1)2z)
?
= −2

5
L′(E48a1,−1)

m(x2 − x + 1 + (x + 1)y + (x + 1)z)
?
= −2

9
L′(E30a1,−1)− 476

27
ζ ′(−2)
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THANK YOU!
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