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Fermat, 1600s

Question: what primes can be written as the sum of two squares?

p = a2 + b2, where a and b are integers

Answer: They are p = 2 and those primes p which are one more than a
multiple of 4:

p = 4k + 1
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Fermat’s letter to Mersenne on Xmas Day
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Question: what about any number n? When can we write

n = a2 + b2 ?

Answer: If and only if all primes of the form p = 4k + 3 that divide n
occur to an even power in the prime factorization of n.
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Generalizations

Question:

Answer:

QUADRATIC FORMS!
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Quadratic Forms

Definition

A (binary) quadratic form is a homogeneous polynomial of degree two in
two variables

Q(x , y) = ax2 + bxy + cy2 a, b ∈ Z

Given a quadratic form, we would like to know which numbers n are
represented by it

n = ax2 + bxy + cy2

For example, if a = 1, b = 0, c = 1 then we have

n = x2 + y2

a = 1, b = 2, c = 2, then

n = x2 + 2xy + 2y2
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Equivalent forms

n = x2 + y2 n = x2 + 2xy + 2y2

n = (x − y)2 + 2(x − y) + 2y2 n = (x + y)2 + y2

n = u2 + 2uy + 2y2 n = v2 + y2

These two quadratic forms represent the same integers.

Definition

Two quadratic forms Q(x , y) and P(x , y) are equivalent if

P(u, v) = Q(αu + βv , γu + γv)

for some α, β, γ, δ ∈ Z such that αδ − βγ = 1.
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Ideas of Gauss

Discriminant: D = b2 − 4ac. Gauss studied forms with D < 0 and a > 0.

Definition

Q(x , y) = ax2 + bxy + y2 is reduced if

−a < b ≤ a < c or 0 ≤ b ≤ a = c

Gauss’ algorithm: shows that there is a unique reduced form in each
equivalence class of quadratic forms!
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The class number

For a given discriminant, there are only finitely many reduced quadratic
forms with that discriminant!
This means that there are only finitely many equivalence classes of
quadratic forms with discriminant D.

Definition

The class number, denoted h(D), is the number of equivalence classes of
quadratic forms with discriminant D.

For example, if D = −4, then a ≤ 1 which forces a = 1, b = 0 and c = 1.
Therefore, x2 + y2 is the only equivalence class with discriminant −4, and
h(−4) = 1.
D = −20 has two equivalence classes corresponding to:

x2 + 5y2 and 2x2 + 2xy + 3y2
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Gauss’ class number problem

Gauss came up with nine D < 0 which have h(D) = 1:

D = −3,−4,−7,−8,−11,−19,−43,−67,−163,

and conjectured that these are all. Proved by Heegner, Stark and Baker in
the 1950s and 1960s. These are called Heegner numbers.
Gauss’ class number problem: for m ≥ 1, list all discriminants such that
h(D) = m.

1 m = 2: Baker, Stark 1970s

2 m = 3: Oesterlé 1985

3 m = 4: Arno 1992

4 m = 5, 6, 7: Wagner 1996.

5 m ≤ 100: Watkins 2004.
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Composition laws and group structure

1 Gauss described a set of composition laws on the forms that gave rise
to a group structure (early 1800s)!

2 Dirichlet related them to ideals in a ring in Q(
√
D) to give cleaner

composition rules (1890s) Bhargava gave a new description of the
composition laws using what is now called Bhargava’s cubes (2004)
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The j-function

For τ ∈ C such that Im(τ) > 0, we have

j(τ) =
1

q
+ 744 + 196884q + 21493760q2 + · · · ,

where q = e2πiτ .
It is an important and deep theorem in algebraic number theory that for
the Heegner numbers D and

τ =
−1 +

√
D

2
,

j(τ) is an integer!

j

(
−1 +

√
−163

2

)
= −(640320)3 = −262537412640768000.
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eπ
√
163 = 262537412640768743.99999999999925...

eπ
√
67 = 147197952743.999998...

eπ
√
43 = 884736743.9998...

eπ
√
19 = 885479.7777...

C’EST TOUT!
MERCI!
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